Abstract. Suppose that, when evaluating two alternatives x and y by means of a parametric utility function, low values of the parameter indicate a preference for x and high values indicate a preference for y. We say that a stochastic choice model is monotone whenever the probability of choosing x is decreasing in the preference parameter. We show that the standard use of random utility models in the context of risk and time preferences may sharply violate this monotonicity property, and argue that their use in preference estimation may be problematic. In particular, they may pose identification problems and yield biased estimations. We then establish that the alternative random parameter models, in contrast, are always monotone. We show in an empirical application that standard risk-aversion assessments may be severely biased.
Introduction
Consider gamble x, which gives $1 with probability .9 and $60 with probability .1, and gamble y which gives $5 for sure. Let these gambles be evaluated by constant relative risk aversion (CRRA) expected utilities, that is, U crra ω (x) = .1 low levels of risk aversion ω that option x is preferred to y. 1 The most standard approach to stochastic choice modeling is to adopt the logit random utility model (logit RUM), which, in this case, implies that the probability of choosing x over y equals
e U crra ω (x) +e U crra ω (y) . Clearly, the logit RUM should be consistent with the underlying utility representation, and hence fulfil the following monotonicity condition: lower levels of risk aversion ω must be associated with higher probabilities of choosing gamble x. Figure 1 shows that this is unfortunately not the case. 2 There is a large range of risk-aversion parameters for which the probability of choosing the riskier gamble x is increasing with the level of risk aversion. The existence of this anomaly makes this logit RUM theoretically flawed and, presumably, problematic for use in the estimation of risk preferences.
In this paper, we address a number of issues surrounding the problem described in the previous paragraph. First, we precisely characterize the type of gambles and classes of RUMs that are problematic. Second, given a violation of the monotonicity property, we portray the exact structure of the problem. That is, we describe the range of parameters for which the RUM is non-monotone. Third, again given a violation of the monotonicity property, we ascertain whether the range of parameters for which the problem arises has any economic significance. Fourth, we show that the non-monotonicity problem is not restricted to risk preferences, but also affects other important preference dimensions, such as time preferences. Fifth, we show that an alternative random choice model, 1 Specifically, for every risk-aversion level below . 19 , gamble x is preferred to y, and vice-versa. 2 The figure also reports the RUM probability of choosing x for constant absolute risk aversion (CARA) expected utilities. All the formal definitions are given in Section 3.
the random parameter model (RPM), is free from these problems, and hence is always monotone. Finally, we illustrate the practical importance of these results by using actual choice data to evaluate differences in estimates from standard RUMs and RPMs.
We now elaborate on our results in more detail, starting with the type of RUMs and gambles that are problematic. RUMs are typically constructed by introducing additive i.i.d. random shocks on the utility evaluation of the alternatives, which is usually assumed to be given by a CRRA or CARA expected utility functions. We say that one gamble x is riskier than another gamble y if low values of the risk-aversion parameter indicate a preference for x and high values indicate a preference for y. Notice that this definition encompasses the standard definitions in the literature for one gamble being more risk averse than another. We show in Corollary 1 that for every pair of gambles where one is riskier than the other, every i.i.d. RUM using either CRRA or CARA utilities, and not the logit RUM exclusively, violates monotonicity, thus showing that the problem is ubiquitous.
We then turn to analyze the structure of the anomaly. Proposition 2 shows that, for every such RUM and every such pair of gambles, there is always a level of risk aversion beyond which the probability of choosing the riskier gamble increases. The practical implications of this internal inconsistency in the empirical estimation of risk aversion are apparent. First, there is an identification problem arising from the fact that the same choice probabilities may be associated to two different levels of risk aversion.
Second, there is an upper limit to the level of risk aversion that can be estimated when using maximum likelihood techniques, even for extremely risk-averse individuals.
The question arises whether the range of risk-aversion levels for which the RUM is non-monotone has any economic relevance, or only involves risk-aversion parameters that are too high to be of practical importance. The example in Figure 1 already suggests that the problematic range of parameters may be of first order relevance when low payoffs are involved, since the probability of choosing the riskier gamble starts increasing at reasonable risk-aversion levels of .75 in the CRRA case, and .11
in the CARA case. Notably, Proposition 3 shows that the problem is worsened by increasing the payoffs involved in the gambles. As the payoffs increase, the level of risk aversion at which the RUM becomes non-monotone eventually converges to that at which the two original gambles become indifferent. 3 This implies that any individual who is more likely to choose the safer gamble over the riskier one cannot be assigned an estimated level of risk aversion higher than the one at which the two gambles become indifferent. Finally, using standard experimental pairs of gambles, we also illustrate that the problematic range of parameters may be very large.
For the extension of the non-monotonicity results to other key preferences, first consider the following two streams of payoffs. Stream x, the longer-delay stream, provides $15,000 yearly, except in period 10, where it provides $21,000. Stream y, the shorter-delay stream, provides the same yearly $15,000, except in period 5,
where it provides $20,000. Assume, for the moment, risk neutrality and power discounted utility, leading to U pow ω (x) = t =10 5 20, 000. Clearly, the two options can be ordered in terms of delay aversion, since the higher the value of the delay-aversion parameter ω, the less attractive stream x becomes.
4 Figure 2 represents the logit RUM probability of selecting x over y, dependent upon the delay-aversion parameter. 5 It is apparent that exactly the same anomaly emerges. The probability of selecting the longer-delay stream x should decrease with the level of delay aversion, but fails to do so for levels above .19.
Corollary 2 and Proposition 4 basically reproduce the situation described in Corollary 1 and Proposition 2 for the case of risk preferences. Namely, under the standard discount functions, that is, the power, the β − δ, or the hyperbolic discount functions, for every i.i.d. RUM, with any increasing and continuous utility function over monetary payoffs, and for basically every pair of streams that can be ordered in terms of delay aversion, the probabilities are non-monotone. Moreover, the probability of choosing the longer-delay stream starts to increase beyond a certain level of delay aversion, and hence, in principle, the above two estimation problems apply here also. There is an important difference with respect to the practical relevance of the results. Although there are pairs of streams for which the problematic range of delay-aversion parameters has economic relevance, as shown in Figure 2 , we argue in Section 4.2 that the practical relevance is more limited. In particular, there is a need to consider markedly distant payoffs, which are not typical in the streams considered in the experimental literature, for example. In fact, using a set of such streams we illustrate how the critical delay-aversion levels at which the problematic range starts can be absurdly high. 4 Every delay aversion below .04 prefers stream x over y, and vice-versa. 5 Figure 2 also reports the probabilities of choosing x when using the β −δ or the hyperbolic discount functions. Continuing with the extension of the results to other settings, we provide general results for any i.i.d. RUM contingent on any preference parameter, not just those representing risk or time preferences. Proposition 1 provides a necessary and sufficient condition for monotonicity, and another easy-to-check necessary condition based on the limiting behavior of the utility functionals. These conditions offer the analyst simple tools for elucidating the appropriateness of a particular RUM in a particular context.
We then show that an alternative stochastic choice model, the random parameter model (RPM), is free of the problems just described. In an RPM, the choice probabilities are obtained by introducing random shocks on the preference parameter, rather than on the utility evaluations of the alternatives. As a consequence, the choice probabilities are given by the mass of shocks for which the utility function ranks one option higher than the other. Crucially for our present purposes, when a pair of alternatives can be ordered in terms of the preference parameter under consideration, be it risk, time or any other, we establish that this mass of shocks is monotone in the preference parameter and hence, the RPM is monotone. Thus, RPMs offer a safe method for the treatment of stochastic choice contingent on a preference parameter. This can be appreciated in Figure 3 , where we have plotted the RPM choice probabilities for the gambles (Figure 3a ) and streams ( Figure 3b ) considered in Figures 1 and 2 , using exactly the same utility families. Figure 3a uses the logistic distribution while, since we have assumed that the discount factor takes values in the positive reals, Figure 3b uses the log-logistic distribution. We then turn to an empirical illustration of the established theoretical results in which the two stochastic choice models under scrutiny are used to obtain separate risk and time preference estimates based on the experimental data of Andersen et al. (2008) . In our empirical analysis of risk preferences we show that, consistent with our theoretical results, the standard RUM significantly underestimates the population risk-aversion level. When considering the full sample of 253 subjects, the RUM gives a CRRA risk-aversion level of .66, while that given by the RPM is .75, which is about 15% higher. Our theoretical results further indicate that the severity of the estimation bias associated with the RUM increases with more risk-averse individuals, which is fully consistent with our results. Taking a sample of the most risk averse subjects, the RUM risk-aversion estimate is 1.46, while the RPM estimate is 1.87, which is about 30% higher. We consider these results a clear indication of the importance of making the right choice of random model for the estimation of risk preferences. The results of the estimation of time preferences are, again, fully in line with our theoretical results.
Both, the RUM and the RPM delay aversion estimates are practically identical. For risk neutrality and power discounted utility these are 0.27 and 0.26, respectively. We close this introduction by reviewing the closest study to our own, Wilcox (2008 Wilcox ( , 2011 ). Wilcox first shows that, in our language, RUMs may be non-monotone. His setting is very particular in that it involves only risk preferences, focuses exclusively on three-outcome gambles related by mean-preserving spreads, and uses the logit RUM.
Analysts may therefore be unconvinced of the scope and relevance of the result, and continue using RUMs for the sake of convenience. In contrast to Wilcox, this paper establishes general theoretical findings that show the problem to be pervasive. Starting with the context of risk preferences, we show that, not only the logit, but basically every i.i.d RUM is non-monotone for every pair of gambles ordered by risk aversion, not only three-outcome gambles related by mean-preserving spreads, in a range of parameters which we characterize and show to be of practical importance. This implies that there is no way around this inconsistency. Importantly, we also show that this problem extends to other key preference parameters, such as time preferences. We also establish the conditions guaranteeing the monotonicity of RUMs based on any preference parameter. These conditions are easy to check and hence practical when contemplating the implementation of a random utility model. Wilcox further proposes the use of a novel model, contextual utility, which is monotone for his particular choice of gambles. We discuss contextual utility in Appendix A.1, showing that it does not, alas, solve the problem for the case of gambles involving more than three possible outcomes. Notably, we provide a general and easily-implementable solution to this problem: the use of RPMs. We show that these models are always monotone and therefore safe for use in applications.
The rest of the paper is organized as follows. Section 2 reviews the remaining relevant literature. Section 3 lays down the basic definitions. Section 4 is devoted to the study of RUMs, and Section 5 to that of RPMs. Section 6 contains the empirical application, and Section 7 presents the conclusions. Several extensions of the theoretical and empirical parts are reported in the Appendix.
Related Literature
Thurstone (1927) and Luce (1959) For theoretical papers recommending the use of random utility models in risk settings, see Becker, DeGroot and Marschak (1963) and Busemeyer and Townsend (1993) . Wilcox (2008 Wilcox ( , 2011 , as reviewed in the Introduction, criticizes the use of these models in risky settings. In addition, Blavatskyy (2011) shows that there is always one comparison of gambles, where the safe gamble is degenerate, for which random utility models based on expected utility differences are non-monotone. The literature using random utility models in the estimation of risk aversion is immense, and certainly too large to be exhaustively cited here. We therefore cite only a few of the most influential pieces of work, such as Friedman (1974) Starting with the seminal papers by Wolpin (1984) and Rust (1987) , dynamic discrete choice models have been used to tackle issues such as fertility (Ahn, 1995) , health (Gilleskie, 1998; Crawford and Shum, 2005) , labor (Berkovec and Stern, 1991; Rust and Phelan, 1997), or political economy (Diermeier, Keane and Merlo, 2005) . Our results may be relevant for this literature, for two reasons. The first is that some of these settings involve risk and are modeled by means of random utility models with errors over expected utility. The second is the dynamic nature of the setting, which makes our results with respect to time preferences also relevant.
Finally, the use of random parameter models in settings involving gambles has been theoretically discussed in Eliashberg and Hauser (1985) , Loomes and Sugden (1995) , Our results guarantee that one can be confident that the use of random parameter models for the estimation of preference parameters is free from the kind of internal inconsistencies studied in this paper.
Preliminaries
Let X be a set of alternatives and consider a collection of utility functions {U ω } ω∈Ω defined on X. Ω represents the space of possible values of a given preference parameter, which consists of the set of all real numbers, unless otherwise explicitly stated. The preference parameter represents the aversion to choose some alternatives over others.
For instance, higher values of ω may represent greater risk aversion or delay aversion causing the individual to be less inclined towards riskier gambles or monetary streams involving more distant payoffs.
Some pairs of alternatives (x, y) are clearly ordered with respect to the preference parameter. Formally, we say that x and y are Ω-ordered whenever We now introduce the two main stochastic choice models used in the literature. In the most standard random utility model (RUM), a random error is introduced in the cardinal evaluation of alternatives. Namely, the individual chooses the alternative that provides maximal utility, which is assumed to be additively composed by two terms:
(i) the representative utility, U ω (x), based on the characteristics of the alternative x and the relevant preference attribute ω and, (ii) a random i.i.d. term, (x), that 6 Notice that the definition of Ω-ordered pairs of alternatives is related to the influential singlecrossing condition of Milgrom and Shannon (1994) . Basically, a pair of alternatives (x, y) is Ω-ordered if the collection of utilities {U ω } ω∈Ω satisfies the single-crossing condition with respect to (x, y). For a discussion on the consideration of more than two alternatives see Section A.3.
follows a continuous cumulative distribution Ψ on R. Given a pair of alternatives (x, y), the probability assigned to choosing x, ρ rum ω (x, y), is given by the probability that U ω (x) + (x) is greater than U ω (y) + (y). By far the most widely-used error distributions are the type I extreme value and the normal, which lead to the logit model and the probit model, respectively. The former, also known as the Luce model, has closed-form probability of choosing x over y equal to
e λUω (x) +e λUω (y) , where λ is a precision parameter.
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In a random parameter model (RPM), the random error distorts the agent's preference parameter.
8 Hence, the agent opts for the alternative that maximizes U ω+ , where the random error on the preference parameter follows a continuous cumulative distribution Ψ on Ω. Then, given a pair of alternatives (x, y), the RPM probability of choosing x over y, ρ rpm ω (x, y), is simply the probability mass of realizations from Ψ such that U ω+ (x) is greater than U ω+ (y). Notice that in the case of Ω-ordered pairs, this probability mass is 1 whenever x is preferred to y for every value of ω, and 0 whenever y is preferred to x for every value of ω. Otherwise, denoting by ω (x,y) the value such that U ω (x,y) (x) = U ω (x,y) (y), this probability is Ψ(ω (x,y) − ω). 9 To illustrate, let Ψ be the logistic distribution, and suppose that (x, y) is Ω-ordered. Then, the closed-form probability of selecting x over y is
e λω(x,y) +e λω . Notice that the main difference between the two stochastic choice models lies in where the disturbance occurs, which has the following implications. First, in the case of the RUM, the error distorts the utility evaluation of each alternative independently, while, in the case of the RPM, the error distorts the preference parameter, thereby implying that the evaluation of the alternatives is not distorted independently. Second, in the case of the RUM, the distortion of the utility function leads to it not necessarily belonging to the family {U ω } ω∈Ω , while in the case of the RPM, by construction, the utility is transformed into another utility within the same family.
We are now in a position to introduce the main notion in this paper. We say that the stochastic model ρ rum (respectively, ρ rpm ) is monotone for the Ω-ordered pair (x, y),
That is, the larger the value of the parameter ω, the lower the probability of choosing alternative x from the 7 Parameter λ is inversely related to the variance of the initial distribution Ψ and is typically interpreted as a rationality parameter. The larger λ, the more rational the individual.
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There is no consensus in the literature as for the denomination of these models. Some authors refer to them as random preference models, random utility functions, or random utility models. 9 For convenience, we assume that there is at most one such value ω (x,y) .
condition for the internal consistency of the stochastic model and for accurate empirical estimation of the preference parameter.
Random Utility Models
The following proposition specifies simple conditions to check whether a RUM is monotone for the Ω-ordered pair (x, y). It first establishes a sufficient and necessary condition, which is based on the fact that RUM probabilities depend on the utility differences between the alternatives. It then provides an even simpler necessary condition based on the limiting behavior of utilities.
(1) ρ rum is monotone for (x, y) if and only if the function
Proof of Proposition 1. Consider a RUM and an Ω-ordered pair (x, y). Notice that the probability of U ω (x) + (x) being greater than U ω (y) + (y) can be expressed as the probability of (y) − (x) being smaller than U ω (x) − U ω (y). Hence, denoting by Ψ * the cumulative distribution of the difference between two i.i.d. error terms with distribution Ψ, it is the case that ρ
is decreasing in ω, which proves the first part.
For the second part, suppose that there exists ω * such that U ω * (y) > U ω * (x). If the RUM is monotone for (x, y), we know from the first part of the proposition that
does not exist, or it must be the case that lim ω→∞ [U ω (x) − U ω (y)] < 0. In both cases we reach a contradiction, thus proving the result.
In the following sections, we show the relevance of these results in the context of risk and time preferences. In particular, the second part of Proposition 1 enables us to show immediately that most of the RUMs used in these contexts are non-monotone for basically every Ω-ordered pair of alternatives. Meanwhile, the first part of Proposition 1 allows us to exploit the functional structure of these models to obtain results strong enough to characterize the extent of the problem for every Ω-ordered pair. (m) = log m. 10 We write U cara ω and U crra ω for the corresponding expected utilities, and ρ rum(cara) and ρ rum(crra) for the corresponding RUM choice probabilities.
Risk Preferences. A gamble
We focus on the interesting case of Ω-ordered pairs of gambles that are not stochasticdominance related. This implies that some types prefer x to y, while others prefer 
, with x 1 < y 1 < y 2 < x 2 and p ∈ (0, 1).
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As in the first case, although the mean of x is sometimes assumed to be larger than that of y, no further assumptions are required for them to constitute an Ω-ordered pair of gambles.
We start the analysis by noting that Proposition 1 has immediate bite in this setting. Corollary 1 shows that for every Ω-ordered pair of gambles, both ρ rum(cara) and ρ rum(crra) , are non-monotone. 10 For ease of exposition, when dealing with CARA and CRRA we assume that m ≥ 1.
11 Gamble x is a mean-preserving spread of gamble y through outcome y j * and gamble z, if x can be expressed as a compound gamble that replaces outcome y j * in gamble y with gamble z, which has y j * as its expected value. Then, x is a mean-preserving spread of y if there is a sequence of such spreads from y to x. 12 See, e.g., the gambles used in the influential elicitation procedure of Holt and Laury (2002) . Having established that ρ rum(cara) and ρ rum(crra) are problematic for every possible Ω-ordered pair of gambles, we now exploit the functional structure of U cara ω and U crra ω to characterize the nature of the problems. In the next result we show that, for every Ω-ordered pair of gambles (x, y), there always exists a level of risk aversionω (x,y) above which the probability of choosing the riskier gamble x is strictly increasing. For further emphasis, note the implication that higher levels of risk aversion are associated with greater probabilities of choosing the riskier gamble. This is an obvious lack of internal consistency with immediate practical implications for the estimation of the model.
Firstly, there is an identification problem arising from the fact that different levels of risk aversion are compatible with the same probability of choice. Secondly, when using the standard maximum likelihood technique, there is an upper bound in the level of risk aversion that can be estimated,ω (x,y) , which can, potentially, affect estimates of intensely risk averse individuals. an Ω-ordered pair of gambles and x does not stochastically dominate y, it must be that q(m) < p(m). This is so because for sufficiently large values of ω, the utility evaluations of the gambles is determined by the first payoff where they differ, m. We now prove that we can consider, w.l.o.g., that y j > m = min{x i } for all payoffs in gamble y. To see this, suppose that q * = j:y j ≤m q(y j ) > 0. Since q(m) < p(m), the definition of m guarantees that it is also the case that q * < 1 and hence, we can express gamble y as a compound gamble that assigns probability q * to gamble y and probability 1 − q * to gambleŷ. Gamble y contains payoffs in y that are below m, with associated probability
q * . Gambleŷ contains payoffs in y that are strictly above m, with associated probabilityq(y j ) = q(y j ) 1−q * . We can also express x as a compound gamble that assigns probability q * to gamble y and probability 1 − q * to gamblex. Gamblex contains all payoffs in x above m, with associated probabilitiesp(m) =
By the additive nature of expected utility, we know that the utility difference between gambles x and y is proportional to the utility difference between gamblesx andŷ, which proves the claim.
We start by considering the case of CARA and focus on ω = 0, where the family is differentiable. 13 In this domain, ρ rum(cara) ω (x, y) is strictly increasing in ω if and only
is a strictly increasing and continuous utility function over monetary outcomes, ρ 
is a continuous and strictly monotone utility function over monetary outcomes, and 13 Note that the discontinuity of the CARA family at this point is not relevant for the result. 14 In general, the certainty equivalent of a gamble x for some utility function U , is the amount of money CE(x, U ) such that U (x) = U ([CE(x, U ); 1]). 15 The coefficient has a strictly positive derivative with respect to ω and thus, from the classic result of Pratt (1964) , it follows that the certainty equivalent of a non-degenerate gamble is strictly decreasing in ω. • CARA: (i) lim t→∞ω(x +t ,y +t ) = ω (x,y) , and (ii) for every t > 0,ω (x ×t ,y ×t ) =ω It is worth stressing, however, that one does not need to use implausible payoffs to obtain small critical valuesω (x,y) . This can be immediately appreciated in Table 1 We close this section by noting that the negative results characterized in Proposition 2 can be extended in a number of dimensions, as reported in Appendix A.1.
Time Preferences.
A monetary stream x = (x 0 , x 1 , . . . , x T ) describes the amount of money x t ∈ R + realized at every time period t. 16 The standard approach uses dis- for the corresponding discounted utilities, and ρ rum(pow) , ρ rum(hyp) and ρ rum(beta) for the corresponding RUM probabilities.
As in the case of the treatment of risk preferences, we consider here Ω-ordered pairs of streams such that neither dominates the other, in the sense that some types prefer
x to y and others prefer y to x. For an illustration of such pairs, consider streams where there is a period of timet such that y t > x t for every t ≤t and y t < x t for every t >t. A simple version of these comparisons used in common practice is one where there is a unique conflict between waiting a shorter period for a larger monetary payoff, or waiting a longer period for some other monetary payoff. That is, x t = y t except for two periods t 1 < t 2 , with y t 1 > x t 1 and y t 2 < x t 2 . These have been shown to be key streams in the treatment of time preferences, since they are instrumental in the characterization of the notion of more delay aversion (see Benoît and Ok, 2007 ; see also Horowitz, 1992 ).
Proposition 1 directly applies here, thereby implying that ρ rum(pow) , ρ rum(hyp) and ρ rum(beta) are non-monotone for every Ω-ordered pair of streams such that x 0 = y 0 .
Corollary 2. Let (x, y) be an Ω-ordered pair of streams such that x 0 = y 0 . Then, ρ rum(pow) , ρ rum(hyp) and ρ rum(beta) are non-monotone for (x, y). 16 Whether streams are finite or infinite is immaterial to this analysis. 17 Notice that Proposition 1 follows immediately with Ω = R + .
18 See Loewenstein and Prelec (1992), Laibson (1997) , and O'Donoghue and Rabin (1999). 19 That the exponential function D Proof of Corollary 2. Consider an Ω-ordered pair of streams (x, y) such that x 0 = y 0 .
Notice that lim
1 (1+ω) t (u(x t ) − u(y t ))] = 0. Now, since there are, by assumption, some types of individuals for whom y is preferable to x, Proposition 1 applies directly, thereby implying that ρ rum(pow) is non-monotone. The cases of ρ rum(hyp) and ρ rum(beta) are analogous and hence omitted.
Note that whenever the Ω-ordered streams x and y differ in terms of present payoffs, that is x 0 = y 0 , the choice probabilities ρ rum(pow) , ρ rum(hyp) and ρ rum(beta) may be monotone. Consider, for example, a pair of streams (x, y) differing in only two periods, the present and a period t. Clearly, for (x, y) to be Ω-ordered, it must be the case that Proof of Proposition 4. Let (x, y) be an Ω-ordered pair of streams with x 0 = y 0 , and denote by t * > 0 the first period for which streams x and y differ. Consider first the case of the power discount function. We first claim that u(x t * ) − u(y t * ) < 0. To see this, notice that since (x, y) is an Ω-ordered pair, when ω is sufficiently large, stream y must be preferred to stream x, or equivalently, the sign of
] must be negative. By standard arguments, for ω sufficiently large, the latter sign is equivalent to the sign of u(x t * ) − u(y t * ), proving the claim. 
When ω grows, the sign of the previous expression coincides with the sign of −[u(x t * )−u(y t * )], which we have shown to be positive. Hence, there existsω (x,y) such that ρ rum(pow) is strictly increasing in ω for every ω ≥ω (x,y) , as desired.
The additivity of discounted utility, the fact that x 0 = y 0 , and that D beta (t) = βD pow (t) whenever t > 0, makes the proof of the β − δ case analogous. For the hyperbolic case, we start by claiming that t:t≥t * 1 t
[u(x t ) − u(y t )] is negative. To see this, notice that since (x, y) is an Ω-ordered pair, when ω is sufficiently large, stream y must be preferred to stream x, or equivalently, the sign of
[u(x t ) − u(y t )] must be negative. As ω increases, the limit of
, and hence
Clearly, the sign when ω grows is equal to the sign of t:t≥t *
, that we know to be positive, concluding the proof.
Using the differentiability of the standard discount functions, the proof of Proposition 4 establishes that for every Ω-ordered pair (x, y) such that x 0 = y 0 , there is always a level of delay aversion,ω (x,y) , beyond which the models give an increasing probability for the choice of x over y. The proof also helps to explain how the critical values ω (x,y) vary with the pair of streams involved. To illustrate, we focus on the power case and use streams in which there is a unique conflict, that is, x t = y t , except for two periods, 0 < t 1 < t 2 , with y t 1 > x t 1 and y t 2 < x t 2 . In this case, Proposition 4 shows thatω (x,y) is characterized by t:t≥t * −tD
As in the case of risk, one can immediately appreciate that the better stream y is in relation to x, the lower the critical valueω (x,y) . Focusing on time, it is also easy to see that, with the temporal gap t 2 − t 1 fixed, as t 1 increases, ω (x,y) decreases. That is, as the first difference between x and y becomes more distant in time, the range of problems widens. This is consistent with the fact discussed above that, for this type of streams, whenever x 0 = y 0 , the RUM choice probabilities are monotone. Finally, with t 1 fixed, there is an interior value of t 2 that minimizesω (x,y) .
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Having shown that for every Ω-ordered pair (x, y) with x 0 = y 0 there is a delayaversion level,ω (x,y) , at which the RUM probabilities of selecting the longer-delay stream x increase, we now argue that the practical relevance of the problem is, in fact, Hence, critical values around this discount rate would be economically relevant, since they would be binding for a large fraction of the population. Then, with the monetary payoffs and the temporal gap of 2 years fixed, when we increase t 1 from one month to 5 years the critical value becomesω (x,y) = .24.
Other Cases. Beyond risk and time, another preference parameter of interest is
the one governing the degree of complementarity between two different inputs. These inputs may be the monetary payoffs to oneself and to another subject, as in a distributive problem with social preferences (see, e.g., Andreoni and Miller, 2002) . Another case of interest in this respect is when the inputs refer to present consumption and future consumption, as in the influential Epstein and Zin (1989) preferences. 21 Yet, another example is when the inputs refer to different consumption goods in general, as in a standard CES utility function. Our results advise caution when the complementarity parameter enters non-linearly into the utility function in a RUM estimation framework.
Random Parameter Models
The following result establishes that RPMs are monotone for every Ω-ordered pair of alternatives.
Proposition 5. ρ rpm is monotone for every Ω-ordered pair of alternatives.
Since (x, y) is an Ω-ordered pair of alternatives, it must be the case that U w H + (y) > U w H + (x). Consequently, the set of realizations 21 These preferences also introduce risk attitudes and time preferences, so Sections 4.1 and 4.2 are of interest here too.
for which x is preferred to y shrinks with the preference parameter, implying that ρ rpm ω (x, y) is decreasing in ω, as desired.
Proposition 5 implies that RPMs can be safely used for the estimation of preference parameters. In the contexts of risk and time preferences, in particular, RPMs are immune to the problems characterized in Propositions 2 and 4. Furthermore, they are easily implementable. That is, given an Ω-ordered pair of alternatives (x, y), all that is required to obtain ρ rpm ω (x, y) is to compute the value ω (x,y) and the corresponding probability Ψ(ω (x,y) − ω).
Note that a distinguishing feature of RPMs is that when, for a given pair of options (x, y), every utility function regards one option as better than the other, then the probability of choosing the former is one. This is sometimes seen as a limitation of the model, as in the case of stochastic-dominance related gambles, for instance, where the observed probability of choosing the dominated gamble is typically above zero. One way to deal with this in the context of RPMs is to add a trembling stage, in the spirit of the trembling hand approach used in game theory. This would work as follows.
After a particular utility has been realized, with a large probability 1 − κ the choice is made according to the realized utility, and with probability κ there is a tremble and the reverse choice is made. It is easy to see that such a model is also monotone for every Ω-ordered pair of alternatives.
An Empirical Application
In an influential paper, Andersen et al. (2008) comprised of ten pairs of nested gambles, as described in Table 1 . All 253 subjects were confronted with the four tasks, but 116 of them were presented with all 40 pairs of gambles, 67 with pairs 3, 5, 7, 8, 9, and 10 in every task, and the remaining 70 subjects were presented with pairs 1, 2, 3, 5, 7, and 10, again in every task. Subjects had to make a choice from each pair of gambles presented, which made a total of 7,928 choices.
In every pair, subjects could either choose one of the gambles, or express indifference between the two. In the latter case, they were told that the experimenter would settle indifferences by tossing a fair coin.
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We use CRRA utilities and include a tremble parameter, as defined in Section 5.
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Every expression of indifference is transformed by assigning a half-choice to each of the two gambles. In the RUM estimations we assume the error distribution to be type I extreme value, while in the RPM estimations it is logistic. This gives the closed-form probabilities of selecting the riskier gamble x over the safer one y described in Section 3. We then use standard maximum likelihood procedures to estimate the population risk-aversion level ω, the tremble parameter κ, and the precision parameter λ. The RUM log-likelihood function contingent on these three parameters is
where i = 1, . . . , 40 denotes the i-th pair of gambles, and X i , Y i , and I i the number of subjects expressing a preference for the riskier gamble, for the safer gamble, or indifference between the two gambles in pair i, respectively. Analogously, the RPM log-likelihood function is
where i = 1, . . . , 36 denotes the 36 Ω-ordered pairs of gambles and i = 37, . . . 40 the 4
pairs where x i dominates y i . Table 2 presents the estimates. When considering the entire population of 253 subjects, we see that the RPM risk-aversion estimate is about 14% higher than that of the RUM. We see this as a considerable bias in the RUM estimation. We test the significance of this difference using the bootstrap method, which we consider particularly appropriate in the light of our theoretical results on the non-monotonicity of 22 5% of all choices were expressions of indifference. With indifferences omitted, the estimates are practically identical. 23 Given the large values of the payoffs involved in the gambles, we avoid the use of CARA utilities. Note: Block bootstrap standard errors clustered at the individual level, shown in parentheses, calculated using 10,000
resamples. ω, λ and κ are the population risk-averse level, precision parameter and tremble parameter, respectively. ∆ω reports the difference between the RPM and RUM estimated risk-aversion levels. CI(∆ω) is the 95% bootstrap confidence interval for ∆ω. %ω reports the percentage increase in the estimated risk-aversion level when using RPM as opposed to RUM.
RUMs. We perform 10,000 resamples at the individual level, where we estimate the corresponding RUM and RPM parameters, and compute the difference between them, which is our statistic. Figure 4 reports the density functions of the RUM and RPM risk-aversion estimates (subfigure a), and the density of the difference in the bootstrap estimations (subfigure b). It is immediate to see that RPM risk-aversion estimates are systematically greater than those obtained by the RUM, as predicted by our theoretical results. When we compute the bootstrap confidence interval of our statistic at standard confidence levels, we note that the confidence interval never includes zero.
Our theoretical results show, moreover, that the greater the risk aversion of subjects, the greater the potential bias in the RUM estimates. In order to empirically test this prediction, we rank subjects in terms of their revealed risk aversion, using a simple method that relies neither on RUMs, nor on RPMs. 24 The method focuses RUMs and RPMs are increasing, suggesting the appropriateness of the selected ranking method. Secondly, as predicted by our theoretical results, we see that the gap between the two methods is increasing, up to a sizable 28%, for the 20% most risk averse individuals. Following the same bootstrap method explained above, we obtain that all these differences are statistically significant: it is always the case that the differences in the estimated RPM and RUM coefficients are systematically positive. Finally, it is worth noting that, while the RPM estimates of the precision parameter λ are very robust, the RUM λ estimates increase substantially as the estimation progresses towards more risk averse individuals. 26 6.2. Estimation of Time Preferences. There were six delay-aversion choice tasks of the multiple-price list type, each comprised of ten pairs of streams differing in only two periods, as described in Table 3 . All 253 subjects were confronted with all the tasks, which made a total of 15,180 choices. Indifferences were again allowed and dealt with in the same way as in the case of risk preferences. We use power and hyperbolic discounted utility functions, including a tremble parameter. 27 In the RUM estimations, we assume the error distribution to be type I extreme value, leading to a similar log-likelihood function as in the risk-aversion treatment, with the appropriate utility representation.
In the RPM estimations, notice that all pairs of streams are now Ω-ordered, and, since the discount parameter takes only positive values, we use a log-logistic instead of a logistic distribution. Again, using the appropriate utility representation, the loglikelihood function is similar to that employed in the risk-aversion analysis. We then use standard maximum likelihood procedures to estimate the population delay-aversion level ω, the tremble parameter κ, and the precision parameter λ. In consonance with our theoretical results, the RUM and RPM estimations of the delay aversion parameter are very close, as can be appreciated in Table 4 .
26 Taking the estimated precision parameters for the full sample of 253 individuals (0.275 in the RUM case and 2.495 in the RPM case), and estimating RUM and RPM risk aversion coefficients for the 50% more risk averse individuals, we obtain 0.687 and 1.268, respectively, which represents a bias 
Conclusions
We have introduced here the notion of monotonicity of a stochastic choice model with respect to a preference parameter. Namely, consider a pair of alternatives (x, y) and a utility evaluation of them where x is preferred to y for low values of the parameter and y is preferred to x for larger values. That is, the preference parameter represents an aversion to x with respect to y. Monotonicity implies then that the probability of selecting x should decrease as the aversion to choosing x increases. We argue that this is a minimal property for a stochastic model.
We have focused on two popular stochastic models, random utility models and random parameter models. After establishing the conditions for these models to be monotone, we have focused on the particular cases of risk and delay aversion. We have shown that the standard application of random utility models to risk or time settings is subject to serious theoretical inconsistencies. In the main results we have shown that there is a level of risk aversion (respectively, of delay aversion) beyond which the probability of choosing the riskier gamble (respectively, the more delayed stream) increases with the level of risk aversion (respectively, of delay aversion). We have then established that random parameter models are free from all these inconsistencies. These findings should constitute an alert to exercise caution when directly applying sound stochastic choice models to settings other than those originally contemplated.
of 84%. Reproducing this exercise for the 20% more risk averse individuals, we obtain 0.712 and 1.915, respectively, which is a difference of 169%. 27 Notice that β − δ discounted utility is indistinguishable from power discounted utility, since the relevant payoffs take place in the future.
the problems identified above, since they include expected utility as a special case.
More importantly, however, the additive nature of these models makes them vulnerable to similar anomalies, even when considering only non-expected utilities. ). These certainty equivalents converge, with increasing ω, towards the corresponding minimum outcomes in π(x) and π(y), which are, by construction, the corresponding minimum outcomes in x and y. Now, the rest of the proof proceeds as in the proof of Proposition 2. The case of CRRA utilities is completely analogous and hence omitted.
As already discussed, CARA and CRRA utilities are by far the most used utility specifications used in the literature. In our previous results, the use of CARA and CRRA utilities allows to characterize the structure of the choice probabilities involved in the problem, and thereby to find the global minimumω (x,y) . Notice, however, 29 For the result, we assume that gambles x and y in the original Ω-ordered pair do not share the same minimum outcome. Notice, however, that when the gambles do share the same minimum monetary outcome, the second part of Proposition 1 becomes immediately applicable, thereby showing the model to be non-monotone for such gambles.
that one can show that every RUM based on generalized expected utilities using any monetary utility function that is strictly increasing and continuous in outcomes is non-monotone for some Ω-ordered pairs of gambles.
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Certainty Equivalents. The certainty equivalent is sometimes used to replace the expected utility as the representative utility. The main intuition behind this approach is that the certainty equivalent is a monetary representation of preferences, where the use of a common scale facilitates interpersonal comparisons. Thus, it is not beyond reason that, by creating a common scale, this method could provide a solution to the problem under discussion, as is indeed the case in instances, such as whenever the Ω-ordered pair (x, y) involves a degenerate gamble. This can be appreciated by noticing that the certainty equivalent of the non-degenerate gamble x decreases with the level of risk aversion, while the certainty equivalent of the degenerate gamble y is constant across risk-aversion levels. Thus, the difference between the certainty equivalents of the two gambles decreases with the level of risk aversion and, by Proposition 1, the probability of choosing the risky gamble decreases, as desired. However, caution is required when using certainty equivalents, because problems may arise with other comparisons. We illustrate this point by considering Ω-ordered pairs (x, y) such that min{x 1 , . . . , x N } = min{y 1 , . . . , y M }. We denote by ρ rum(cecara) and ρ rum(cecrra) the choice probabilities associated with this model, when using the certainty equivalent representation of CARA and CRRA expected utilities, respectively. Mean-Variance Utilities. Let us now consider mean-variance utilities, which are much used in portfolio theory and macroeconomics. Markowitz (1952) was the first to propose 30 We can provide details upon request.
a mean-variance evaluation of risky asset allocations. Roberts and Urban (1988) and Barseghyan et al. (2013) provide examples of the use of mean-variance utilities in a RUM, for the estimation of risk preferences. Formally, given a gamble x, let us denote the expected value and variance of x by µ(x) = i p i x i and σ
respectively. Mean-variance utilities are then described by U mv ω (x) = µ(x) − ωσ 2 (x).
We now argue that the corresponding RUM choice probabilities ρ rum(mv) are always monotone. This follows from the linear dependence of the utility function with respect to the parameter.
Proposition 8. ρ rum(mv) is monotone for every Ω-ordered pair of gambles (x, y).
Proof of Proposition 8. Consider an Ω-ordered pair of gambles (x, y). Notice that
. If the case were otherwise, individuals with an ω that goes to −∞ would prefer gamble y to x, while those with an ω that goes to ∞ would prefer gamble x to y, thereby contradicting that the pair (x, y) is Ω-ordered. Hence, it must and y = [0, 10, 50, 90, 100; .05, 0, .9, 0, .05], where x is a mean-preserving spread of y. It can be seen that the RUM probability of choosing x using expected utility with CRRA is lower for the risk-aversion coefficient ω 1 = .7 than for ω 2 = .9. Note that the summation in the former expression is strictly negative, since (x, y) is
an Ω-ordered pair of streams. Then, the extra condition assumed in the α = hyp guarantees that the expression is strictly positive and the result follows.
We close the treatment of time preferences by noticing that this problem pervades beyond the usual parametric functions used in the literature. One can show that for every discounted utility RUM there is always an Ω-ordered pair of streams for which the model is not well-defined.
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A.3. More than Two Alternatives. We now show that the use of an Ω-ordered pair of alternatives causes no loss of generality.
First, consider the case where stochastic choice is defined over a menu A involving more than two options. Suppose that there is an alternative x ∈ A such that the pair (x, y) is Ω-ordered for every y ∈ A \ {x}. In RUMs, our results show that, in the most standard applications, there is a preference parameterω (x,y) such that ρ rum ω (x, y) is strictly increasing whenever ω ≥ω (x,y) , for every y ∈ A \ {x}. We now contemplate the probability of choosing x from A. It is easy to see that this probability is also strictly increasing whenever ω ≥ max y∈A\{x} {ω (x,y) }. To see this, notice that the probability of choosing x from A is simply equal to the probability of (y) − (x) being smaller than U ω (x) − U ω (y) for every y ∈ A \ {x}. Our results show that all the utility differences U ω (x)−U ω (y) are increasing, at least for preference parameters ω ≥ max y∈A\{x} {ω (x,y) }, and hence follows the result. Nevertheless, it is obvious that RPMs are still monotone when considering the mentioned probability. This follows from observing that the set of realizations from Ψ for which x is maximal in A shrinks with the value of ω, for exactly the same reason as given in Proposition 5. Now consider the case where there is a collection of Ω-ordered pairs of alternatives
, and that the exercise revolves around the selection of one alternative from each pair. We comment on two conceptual problems that arise when K > 1. These two problems collapse into the one we have studied in this paper when there is just 31 Again, we avoid the details here, but can provide them upon request.
one pair of alternatives. We first contemplate the conditional probability of choosing vector x with respect to y, where x and y differ in only one pair, say pair j, where x j is in x and y j is in y. It is obvious that, in the case of RUMs, this conditional probability is increasing above ω (x j ,y j ) . Now consider the joint probability of selecting each x i from the corresponding pair (x i , y i ), i = 1, . . . , K. It is immediate that this joint probability is prey to the same type of problem. Specifically, since the joint probability is simply the product probability of the different choices, it strictly increases at least for values ω ≥ max i {ω (x i ,y i ) }. However, any conditional or joint probability of an RPM is monotone, due to the product nature of the considered probability.
Appendix B. Empirical Application: Further Considerations
In Section 6.1 we propose a method with which to rank individuals in terms of their revealed risk aversion. We now study another simple method serving this purpose, Method B, and show that we replicate the results reported in Section 6.1. Method B ranks individuals according to the average of the ω (x i ,y i ) corresponding to the first pair in which the riskier option was taken or indifference expressed and the ω (x i ,y i ) corresponding to the last pair in which the safer option was taken or indifference expressed.
We can now repeat the estimation analysis described in Section 6.1, conditional upon the rankings of individuals given by Method B. Notably, RPM risk-aversion estimates are always significantly greater than those provided by RUM, and the differences show an increasing trend, with the magnitude of bias reaching as high as 33%. 
